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We discuss the polar phase of 3He, which is realized in the anisotropic aerogel. We consider it in the
framework of the BCS model. In the absence of the spin - orbit interaction this model predicts the appearance
of the Fermi line. However, it is topologically unstable. We demonstrate, that the spin - orbit interaction gives
rise to the appearance of the two Fermi points instead of the Fermi line. In addition to the gapless Nambu -
Goldstone bosons in this system the collective gapped bosonic states exist. Their gaps are calculated, and the
corresponding Nambu sum rule is established.
1. INTRODUCTION
Polar phase of superfluid 3He has been recently ob-
served in strongly anisotropic alumina aerogel [1, 2,
3, 4]. The possibility that this phase may appear in
anisotropic aerogel has been proposed earlier in [5]. The
superfluid phases of 3He were widely discussed (see [6],
[7] and references therein). The BCS theory of 3He
based on the functional integral representation has been
developed in a number of publications (see, for exam-
ple, [8],[9], [10], [11]) and was summarized recently, for
example, in [12].
One of the most interesting properties of the super-
fluid 3He is that it is able to simulate the phenomena
typical for the high energy physics theory. In particu-
lar, the emergent relativistic Weyl fermions appear nat-
urally in the A phase [6], [13], [14], [15]. This possibility
is related to the appearance of the Fermi points. At the
same time, it is generally believed, that in the polar
phase the Fermi line appears [6]. In the present pa-
per we demonstrate that it disappears if we take into
account the spin - orbit interaction. Instead of it the
two Fermi points appear, which allows, in principle, to
simulate relativistic physics in the 3He inside aerogel.
Collective modes in superfluids possess an analogy
to the Higgs modes of particle physics. In 3He - B [16],
and later in 3He - A, and in the 2D phases of 3He the
Nambu sum rule was established that relates the en-
ergy gaps of the bosonic modes and the fermion ”gap”
[17], [18], [19]. The Nambu sum rule also takes place in
a number of relativistic models of the Nambu - Jona -
Lasinio type [19]. In the present paper we analyse the
spectrum of bosonic collective modes in the polar phase
and demonstrate, that here a kind of the Nambu sum
rule exists as well.
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2. THE BCS MODEL OF 3HE
According to [8] Helium - 3 may be described by the
effective theory with the partition function
Z =
∫
DΨDA¯DA exp
(1
g
∑
p,i,α
A¯i,α(p)Ai,α(p)
−
∑
p1p2
Ψ¯p1G
−1
p1p2Ψp2
)
(1)
where Ψ is the 4 - component Nambu - Gorkov spinor
Ψp =
(
a+(p) a−(p) a¯−(−p) −a¯+(−p)
)T
, Ai,α
is the auxiliary bosonic field, while G is the quasiparti-
cle Green function. It may be represented as follows
G−1p1p2 = (iω − vF (|k| − kF )γ5)δp1p2
+γαAαi(p1 − p2) kˆ
i
1 + kˆ
i
2√
βV
1− γ5
2
−γα A¯αi(p2 − p1) kˆ
i
1 + kˆ
i
2√
βV
1 + γ5
2
(2)
where γk are the Gamma - matrices in chiral represen-
tation, while p = (ω, k), kˆ = k|k| . Here V is the 3D
volume, while β = 1/T is the imaginary time extent of
the model (i.e. the inverse temperature). Both β and V
should be set to infinity at the end of the calculations.
a±(p) is the fermion Grassmann variable in momentum
space, vF is Fermi velocity, kF is Fermi momentum, g is
the effective coupling constant. The spin-orbit coupling
in liquid 3He (the dipole-dipole interaction) is relatively
small, and the spin and orbital rotation groups, SOS3
and SOL3 , can be considered independently in first ap-
proximation. If we neglect the spin - orbit interactions,
then the order parameter matrix Aαi in the polar phase
vacuum has the form:
A
(0)
αi = (βV )
1/2 ∆
2
δp0 e
iΦ dˆαmˆi , (3)
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where dˆ and mˆ are unit vectors. Phase Φ may be set
to zero. The anisotropy of aerogel fixes the direction of
mˆ. We take this into account via the following term in
the action
Sm = − 1
gm
∑
p,i,α
A¯αi(p)mˆ
iAαj(p)mˆ
j
with the new coupling constant gm. It appears, that
only sufficiently strong interaction of this form allows
to make vacuum of the polar phase stable.
The spin - orbit interaction gives the following con-
tribution to the effective low energy action [7]:
SSO[A] =
3
5
gD
∑
p
A¯i,α(p)Aj,β(p)
(
δiαδjβ + δjαδiβ
−2
3
δijδαβ
)
, (4)
where gD is the new coupling constant. If we substi-
tute to this expression the field Ai,β of Eq. (3), it gives
SSO[A] =
3
10gD∆
2
(
(dˆmˆ)2 − 13
)
βV . Minimum of this
expression corresponds to vector dˆ orthogonal to the
anisotropy axis of aerogel (directed along mˆ). We will
see, however, that in the presence of the spin - orbit in-
teraction the gap equation does not admit the solution
of the form of Eq. (3). This solution with (dˆmˆ) = 0
appears only as the limiting case of the precise solution
at gD → 0.
3. ”GAP” EQUATION AND THE FERMIONIC
EXCITATIONS IN THE ABSENCE OF SPIN -
ORBIT INTERACTIONS
There are 18 modes of the fluctuations δAiα =
Aiα − A(0)iα around the condensate. In the absence of
spin - orbit interactions tensor δAiα realizes the repre-
sentation of the SOS(2)⊗SOL(2) symmetry group. The
gap equation receives the form(1
g
− 1
gm
)
mˆidˆα∆ = −2
∫
d3kdω
(2pi)4
Trγ5γαkˆiG(iω, k)
with
G(, k) =
( ∑
µ=1,2,3,5
Pµ(, k)γµ −M(k)
)−1
γ5 (5)
and P5 = , Pα = ∆dˆα(mˆkˆ),M = vF (|k| − kF ). We
may rewrite this equation as follows(1
g
− 1
gm
)
=
k2F
pi2vF
∫
cos2 θdt d cos θ√
t− 4∆2θ
√
t
θ(t− 4∆2θ)
≈ k
2
F
pi2vF
(2
3
log
4v2FK2
∆2
+
4
9
)
(6)
where ∆θ = ∆(mˆkˆ) = ∆ cos θ. This equation relates
the value of the ”gap” ∆ with the values of the cou-
pling constants and with the momentum cutoff K. The
integration over t is in the ranges 0 < t < Λ2θ =
4(v2FK2 + ∆2cos2 θ). It corresponds to the integration
over momenta kF − K < |k| < kF + K. It is normally
supposed, that ∆  vFK  vF kF . In the presence
of the condensate of the form of Eq. (3) the fermionic
quasiparticles are described by the partition function
Z =
∫
Da¯Da exp
(
−∑p Ψ¯pG−1(iω, k)Ψp) , where G is
the quasiparticle Green function given by Eq. (5), and
p = (ω, k). This gives dispersion that does not depend
on spin as well as on dˆ and Φ:
E(k) = ±
√
v2F (|k| − kF )2 + ∆2(mˆkˆ)2
It has its zero along the Fermi line that is the intersec-
tion of the sphere |k| = kF and the plane mˆk = 0.
In order to consider the question about the stabil-
ity of the Fermi line let us consider the situation, when
variations of the field A around its condensate have the
form Aαi = (βV )
1/2 1
2 δp0Cαi. Then the fermion Green
function is given by G−1(p) = iω − vF (|k| − kF )γ5 +
γ5γα ReCαi kˆ
i + iγα ImCαi kˆ
i.One can easily see, that
at ω = 0 matrix G−1 anti - commutes with the matrix
of time reversal transformation K = γ5γ4. The Fermi -
line would be topologically stable, if the following invari-
ant is nonzero N2 = tr
∮
C
dl
4pi [KG(p)∂lG−1(p)]. One can
check, however, that for the contour C winding around
the Fermi line in the polar phase the value of N2 is
equal to 0, i.e. the contributions of the two components
of spin compensate each other, which means that the
Fermi line in the polar phase is not stable with respect
to the perturbations of the condensate.
4. POLAR PHASE WITH THE SPIN - ORBIT
INTERACTION TAKEN INTO ACCOUNT
Let us consider the condensate of the form
A
(0)
αi = (βV )
1/2 ∆
2
δp0
(
dˆαmˆi + καi
)
, (7)
with |καi|  1. The gap equation receives the form(1
g
− 1
gm
)
καi∆
+
(1
g
− 1
gm
− 2
5
gD
)
mˆidˆα∆
+
3
5
gDmˆ
αdˆi∆ = −2
∫
d3kdω
(2pi)4
Trγ5γαkˆiG(iω, k) (8)
with the Green function of the form of Eq. (5) with
P5 = , Pα = ∆
(
dˆαmˆi + καi
)
kˆi,M = vF (|k| − kF ).
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(It is taken into account that mˆ ⊥ dˆ.) In this equation
we keep the terms linear in gD and κ
αi. This allows to
derive expression for the correction to the condensate:
καi = a dˆαmˆi + b dˆimˆα (9)
with a = − 15 gDJ˜(1) ≈
3vFpi
2
10
gD
k2F
, b =
6
5
gD
J(0)−3J(1) ≈ vF 9pi
2
20
gD
k2F
. Here J (0) =
1
4pi2v3F
∫
d cos θ
∫ Λ2θ
4∆2θ
dt
t−4∆2θ+4v2F k2F√
t−4∆2θ
√
t
, J (1) =
1
4pi2v3F
∫
d cos θ
∫ Λ2θ
4∆2θ
dt
t−4∆2θ+4v2F k2F√
t−4∆2θ
√
t
(kˆmˆ)2, J˜ (1) =
∆2 ∂∂∆2 J
(1). In the presence of the condensate of
the form of Eq. (22) we have the fermion Green
function of the form of Eq. (5) with P5 = , Pα =
∆
(
(1 + a) dˆαmˆi + b dˆimˆα
)
kˆi,M = vF (|k| − kF ). This
gives the dispersion:
E(k) = ±
√
v2F (|k| − kF )2 + ∆2
(
(1 + a)2(mˆkˆ)2 + b2(dˆkˆ)2
)
It has the two zeros at the intersection of the sphere
|k| = kF and the planes (mˆk) = 0 and (dˆk) = 0. The
two Fermi points appear: K± = ±kF l, l = [mˆ × dˆ].
We denote k = K±+ q and make the transformation of
spinors near K+: Ψ+ → γ0Ψ+. As a result the action
receives the form SK± =
∑
q Ψ¯±Γ
0
(
iωΓ0 + (vF (lˆq)Γ
3 +
(1 + a) ∆kF (mˆq)Γ
1 + b ∆kF (dˆq)Γ
2)
)
Ψ±, where we de-
noted Γ0 = iγ5γ4,Γ3 = Γ0γ5, Γ1 = Γ0γ5(γdˆ), Γ2 =
Γ0γ5(γmˆ). Those matrices satisfy {Γi,Γj} = −2δij
for i, j = 1, 2, 3. One can see, that the two Fermi
points correspond to massless Dirac spinors. Fermi
velocities of the quasiparticle excitations along differ-
ent directions are different: v1 = vF  v2 = (1 +
a) ∆kF  v3 = b ∆kF . Those spinors have the Hamilto-
nian (v1Γ
1(lˆq) + v2Γ
2(mˆq) + v3Γ
3(dˆq)) that commutes
with matrix Γ5 = (lˆγ)γ4.
5. BOSONIC COLLECTIVE EXCITATIONS
In our calculation for simplicity we neglect the spin
- orbit interaction. According to [9, 10] the quadratic
part of the effective action for the fluctuations around
the condensate has the form:
S
(1)
eff = (u¯, v¯)[1/g − Ω−Π(E)]
(
u
v
)
, (11)
where Ωαi
α¯i¯
= 1gm δ
α
α¯mˆ
imˆi¯ while uiα(p) =
1
2
(
ReδAiα(p)+
ReδAiα(−p) + iImδAiα(p) − iImδAiα(−p)
)
and
viα(p) =
1
2
(
ImδAiα(p) + ImδAiα(−p) − iReδAiα(p) +
iReδAiα(−p)
)
. Here E is the energy gap of the
collective excitation. Its momentum is supposed to
be equal to zero. The components of the polarization
operator are given by[
Πu¯u(E)
]αi
α¯i¯
= i
∫
d3kd
(2pi)4
TrG(, k)γ5γαkˆi
G(− E, k)γ5γα¯kˆi¯ (12)
and [
Πv¯v(E)
]αi
α¯i¯
= −i
∫
d3kd
(2pi)4
TrG(, k)γαkˆi
G(− E, k)γα¯kˆi¯ (13)
that may be represented as Π(E) = 1pi
∫∞
0
dz ρ(z)z−E2 .The
spectral function ρ ∼ ∑ |FQ→ff |2, and |FQ→ff |2 is
the probability that the given mode Q decays into two
fermions. Here[
ρu¯u
]αi
α¯i¯
=
1
4piv3F
∫
dφ
2pi
d cos θ
t− 4∆2θ + 4v2F k2F√
t− 4∆2θ
√
t(
tδαα¯ − 4∆2θdˆαdˆα¯
)
kˆi+kˆ
i¯
+θ(t− 4∆2θ)θ(Λ2θ − t) (14)
and[
ρv¯v
]αi
α¯i¯
=
1
4piv3F
∫
dφ d cos θ
2pi
t− 4∆2θ + 4v2F k2F√
t− 4∆2θ
√
t(
(t− 4∆2θ)δαα¯ + 4∆2θdˆαdˆα¯
)
kˆi+kˆ
i¯
+θ(t− 4∆2θ)θ(Λ2θ − t)(15)
We denote kˆ+ = (sin θ cosφ, sin θ sinφ, cos θ), E =
√
t,
and ∆θ ≡ ∆(mˆkˆ+) ≡ ∆ cos θ.
For the definiteness let us suppose that mˆ is directed
along the third axis while dˆ is directed along the second
axis. There should be 3 Goldstone modes: at L = S = 0
- one v mode, and at L = 0, S = 1 - two u modes. At the
same time for gm →∞ in the L = 1, S = 0 channel the
u mode is to be gapless as well. The energy gaps appear
as the zeros of Det [1/g−Ω−Π(E)]. Notice, that since
the fermions are gapless in the polar phase, the energy
gaps of the collective bosonic modes contain imaginary
parts, that correspond to their decays to fermions.
L = S = 0: we take components with α = 2, i = 3.
In the v - channel at S = L = 0 the energy gap is equal
to zero. The corresponding equation for the determina-
tion of E at E = 0 is equivalent to the gap equation.
In the u channel we have the following equation for the
determination of the energy gap:
1/g − 1/gm =
∫ 1
−1
cos2 θd cos θ
∫ Λ2θ
4∆2θ
dt
1
4pi2v3F
t− 4∆2θ + 4v2F k2F√
t− 4∆2θ
√
t
t− 4∆2θ
t− E2u,L=0,S=0
(16)
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Recall that ∆θ = ∆cosθ while the energy cutoff Λθ
and the momentum cutoff K are related by expression
Λ2θ/4 = v
2
FK2 + ∆2θ. Comparing Eq. (37) with the gap
equation we come to the following approximate expres-
sion for the real part of the energy gap
Eu,S=0,L=0 ≈
√
4〈∆2θ〉 (17)
where averaging is over the angles θ. Here
〈∆2θ〉 =
∫ ∆
−∆ d∆θ ∆
4
θ∫ ∆
−∆ d∆θ ∆
2
θ
. The estimate follows
Ev,S=0,L=0 = 0, Eu,S=0,L=0 ≈
√
12/5∆. This es-
timate may be checked via the numerical solution of
Eq. (37). The integrals in this equation may be taken
and the result is expressed through the hypergeometric
functions:
0 =
4k2F
pi2vF
[1
4
w4
√
pi
( 3
8w
pi3/2 − 32
15
√
pi
F
1/2,1,3
3/2,7/2(−w2)
)
−1
4
w4
√
pi
( 1
2w
pi3/2 − 8
3
√
pi
F
1/2,1,2
3/2,5/2(−w2)
)
+
1
3
w2 +
1
3
]
where w =
−iEu,L=0,S=0
2∆ . Numerical solution of this
equation gives
Eu,S=0,L=0 =
√
12/5
(
1.007853779− 0.3828669418 i
)
∆
One can see, that our estimate of the real part of the
energy gap is in fact rather precise.
L = 0, S = 1: we take components with α = 1, 3,
i = 3. Here the situation is inverse compared to that
of the case with L = 0, S = 0. Our estimate is,
therefore, Eu,S=1,L=0 = Ev,S=0,L=0 = 0, Ev,S=1,L=0 =
Eu,S=0,L=0.
L = 1, S = 0: we take components with α = 2,
i = 1, 2. In the u channel we have
1
g
=
∫ 1
−1
1− cos2 θ
2
d cos θ
∫ Λ2θ
4∆2θ
dt
1
4pi2v3F
t− 4∆2θ + 4v2F k2F√
t− 4∆2θ
√
t
t− 4∆2θ
t− E2u,L=1,S=0
(18)
It appears that at Eu,L=1,S=0 = 0 the right hand side
of this equation is identical to that of the gap equation.
In order to demonstrate this we may rewrite this equa-
tion in the form with the integration over k instead of
integration over t, and perform integration over angles.
Therefore, in the absence of the extra interaction that
stabilizes direction of mˆ in this channel the Goldstone
boson appears as it should. At the same time in the
presence of this extra interaction we have the following
equation for the determination of Ev,L=1,S=0:
1
g
=
∫ 1
−1
1− cos2 θ
2
d cos θ
∫ Λ2θ
4∆2θ
dt
1
4pi2v3F
t− 4∆2θ + 4v2F k2F√
t− 4∆2θ
√
t
t
t− E2v,L=1,S=0
(19)
There appears the critical value g
(c)
m equal to
1
g
(c)
m
=
∫ 1
−1
1− cos2 θ
2
d cos θ
∫ Λ2θ
4∆2θ
dt
1
4pi2v3F
t− 4∆2θ + 4v2F k2F√
t− 4∆2θ
√
t
4∆2θ
t
=
4k2F
3pi2vF
(20)
For 1/g
(c)
m > 0 > 1/gm Eq. (18) has the solution
with imaginary Eu,L=1,S=0. For 0 = 1/gm the solu-
tion with Eu,L=1,S=0 = 0 appears, while for 0 < 1/gm
there are no solutions of this equation. Equation Eq.
(19) for 1/gm < 1/g
(c)
m has the solution with imagi-
nary Ev,L=1,S=0. For 1/g
(c)
m = 1/gm the solution with
Ev,L=1,S=0 = 0 appears, while for 1/g
(c)
m < 1/gm there
are no solutions of this equation.
L = 1, S = 1: we take components with α = 1, 3;
i = 1, 2. Our analysis shows that Eu,S=1,L=1 =
Ev,S=0,L=1, Ev,S=1,L=1 = Eu,S=0,L=1. In particular, in
the limit 1/gm → 0 the 4 extra gapless fermions appear
in the one loop approximation.
6. CONCLUSIONS
To conclude, we considered the polar phase of 3He
(realized in the anisotropic aerogel) in the BCS model.
The latter is discussed in the path integral formulation.
The extra interaction that stabilizes the direction of vec-
tor mˆ along the anisotropy axis of aerogel is added to
this model. Without this interaction the polar phase
is unstable, and it becomes stable only when this ex-
tra interaction is sufficiently strong. Without the spin
- orbit interaction there should be 3 Goldstone bosons.
Direct calculation of energy gaps confirms this expec-
tation. Our analysis of the bosonic excitations demon-
strates that in the channels with vanishing orbital mo-
mentum there are gapped modes. We calculated both
real and imaginary parts of those gaps. The imag-
inary parts appear because the fermions are gapless,
and those bosonic states may decay into them. The
real parts are given by Ev,S=0,L=0 = Eu,S=1,L=0 = 0,
Eu,S=0,L=0 = Ev,S=1,L=0 ≈
√
12/5∆. Correspond-
ingly, there is the Nambu sum rule satisfied by these
gaps:
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E2u + E
2
v ≈ 4〈∆2θ〉 =
12
5
∆2 (21)
It appears that when the interaction stabilizing the di-
rection of mˆ is sufficiently strong, and vacuum is stable,
our one loop results do not predict the appearance of
the Higgs modes with L = 1. The mentioned values
of the energy gaps were estimated neglecting the spin
orbit interaction that keeps the direction of dˆ in the
plane orthogonal to mˆ. It is worth mentioning, that
the corresponding part of the action should give rise to
the energy gap of one of the would be Goldtone bosons
with L = 0, S = 1. It should be equal to the so - called
Leggett frequency of the polar phase [17]. We do not
consider the effect of spin orbit interaction on the spec-
trum of bosonic collective modes in the present paper.
However, we discuss in details the effect of the spin -
orbit interaction on the fermionic quasiparticles. With-
out the spin - orbit interaction the considered BCS
model predicts the appearance of the Fermi lines, along
which the quasiparticle energy vanishes. However, the
smooth deformation of the system is able to eliminate
those Fermi lines. Indeed, this occurs due to the spin -
orbit interaction. We show, that it changes the ”gap”
equations in such a way, that the conventional expres-
sion for the vacuum value of the order parameter Eq. (3)
is already not the solution of the ”gap” equation. In-
stead, the corrected form of the condensate (Eqs. (22),
(29)) appears. This form of the condensate gives rise to
the two Fermi points ±kF mˆ × dˆ instead of the Fermi
line. Close to those two Fermi points the emergent Dirac
fermions apppear. In turn, those Fermi points are not
protected by topology, and the next corrections are able
to eliminate them, so that small effective mass of the
Dirac fermions might appear.
For the details of the calculation the author advises
to consult the supplemental material to the present arti-
cle. The author kindly acknowledges useful discussions
with G.E.Volovik. The present work was supported by
Russian Science Foundation Grant No 16-12-10059.
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Supplemental Material for
”Fermi points and the Nambu sum rule in the polar phase of 3He ”
”GAP” EQUATION FOR THE POLAR PHASE WITH THE SPIN - ORBIT INTERACTION TAKEN
INTO ACCOUNT
In the presence of spin - orbit interactions we consider the condensate of the form
A
(0)
αi = (βV )
1/2 ∆
2
δp0
(
dˆαmˆi + καi
)
, (22)
with |καi|  1. The gap equation receives the form
Ωiα ≡
(1
g
− 1
gm
)
καi∆ +
(1
g
− 1
gm
− 2
5
gD
)
mˆidˆα∆
+
3
5
gDmˆ
αdˆi∆ = −2
∫
d3kdω
(2pi)4
Trγ5γαkˆiG(iω, k) (23)
with
G(, k) =
1∑
µ=1,2,3,5 Pµ(, k)γµ −M(k)
γ5 (24)
and
P5 = , Pα = ∆
(
dˆαmˆi + καi
)
kˆi,M = vF (|k| − kF )
(It is taken into account that (mˆdˆ) = 0.) We may rewrite this equation as follows
Ωiα = −2
∫
d3kdω
(2pi)4
Tr
(
Pµ(, k)γµ +M(k)
)
γαkˆi
ω2 + ∆2θ +M2(k)
(25)
where ∆θ = ∆(mˆkˆ). Now we have(1
g
− 1
gm
)
καi∆ =
2
5
gDmˆ
idˆα∆− 3
5
gDmˆ
αdˆi∆
+καi∆
(1
2
J (0) − 1
2
J (1)
)
+ (καjmˆj)mˆi∆
(3
2
J (1) − 1
2
J (0)
)
+(2κβidˆβ)dˆα∆
(1
2
J˜ (0) − 1
2
J˜ (1)
)
+(2κβj dˆβmˆj)dˆαmˆi∆
(3
2
J˜ (1) − 1
2
J˜ (0)
)
(26)
where
J (0) =
1
4pi2v3F
∫
dφ
2pi
d cos θ
∫ Λ2θ
4∆2θ
dt
t− 4∆2θ + 4v2F k2F√
t− 4∆2θ
√
t
J (1) =
1
4pi2v3F
∫
dφ
2pi
d cos θ
∫ Λ2θ
4∆2θ
dt
t− 4∆2θ + 4v2F k2F√
t− 4∆2θ
√
t
(kˆmˆ)2
J˜ (0) = ∆2
∂
∂∆2
J (0)
J˜ (1) = ∆2
∂
∂∆2
J (1) (27)
Here the energy cutoff Λθ and the momentum cutoff K are related by expression Λ2θ/4 = v2FK2 + ∆2θ (integration is
over momenta with |k − kF | < K). We keep the terms linear in gD and καi. Here
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J (0) ≈ 4k
2
F
pi2vF
(
log
2vFK
∆
+ 1
)
J (1) =
1
g
− 1
gm
≈ 4k
2
F
3pi2vF
(
log
2vFK
∆
+
1
3
)
J˜ (1) = − 2k
2
F
3pi2vF
(28)
and
καi = adˆαmˆi + bmˆαdˆi (29)
with a = 3vFpi
2
10
gD
k2F
and b = vF 9pi
2
20
gD
k2F
.
BOSONIC COLLECTIVE MODES IN THE POLAR PHASE
Let us calculate the energy gaps of the bosonic collective modes. In our calculation for simplicity we neglect
spin - orbit interaction. The quadratic part of the effective action for the fluctuations around the condensate has
the form:
S
(1)
eff = (u¯, v¯)[1/g − Ω−Π]
(
u
v
)
, (30)
where
Ωαiα¯i¯ =
1
gm
δαα¯mˆ
imˆi¯
while
uiα(p) =
δAiα(p) + δA¯iα(−p)
2
and
viα(p) =
δAiα(p)− δA¯iα(−p)
2i
Here [
Πu¯u(E)
]αi
α¯i¯
= i
∫
d3kd
(2pi)4
TrG(, k)γ5γαkˆiG(− E, k)γ5γα¯kˆi¯ (31)
and [
Πv¯v(E)
]αi
α¯i¯
= −i
∫
d3kd
(2pi)4
TrG(, k)γαkˆiG(− E, k)γα¯kˆi¯ (32)
The polarization operator can be represented as
Π(E) =
1
pi
∫ ∞
0
dz
ρ(z)
z − E2 , (33)
where the spectral function may be calculated using the Cutkosky rule (see the Landau - Lifshitz course of theoretical
physics, vol. 4, chapter 115)
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2
[
ρu¯u
]αi
α¯i¯
= −4pi2
∫
>0
d3kd
(2pi)4
Tr
(
Pµ(, k)γµ +M(k)
)
γαkˆi
(
Pµ(− E, k)γµ +M(k)
)
γα¯kˆi¯
δ(P2(, k)−M2(k))δ(P2(− E, k)−M2(k))
= −
∑
±
∫ dφ(kF ± √t−4∆2θ2vF )2d cos θ
2pi2pivF
√
t− 4∆2θ
√
t(
(
t
2
−∆2θ)Trγαkˆi±γα¯kˆi¯± + ∆2θTr(dˆγ)γαkˆi±(dˆγ)γα¯kˆi¯±
)
θ(t− 4∆2θ)θ(Λ2θ − t)
=
1
2piv3F
∫
dφ
2pi
d cos θ
t− 4∆2θ + 4v2F k2F√
t− 4∆2θ
√
t(
tδαα¯ − 4∆2θdˆαdˆα¯
)
kˆi+kˆ
i¯
+θ(t− 4∆2θ)θ(Λ2θ − t) (34)
where kˆ = (sin θ cosφ, sin θ sinφ, cos θ) while E/2 =
√
t/2 = + = −; k± = kF ±
√
t−4∆θ
2vF
, and ∆θ ≡ ∆(mˆkˆ+) ≡
∆ cos θ. In the similar way
2
[
ρv¯v
]αi
α¯i¯
=
1
2piv3F
∫
dφ d cos θ
2pi
t− 4∆2θ + 4v2F k2F√
t− 4∆2θ
√
t(
(t− 4∆2θ)δαα¯ + 4∆2θdˆαdˆα¯
)
kˆi+kˆ
i¯
+θ(t− 4∆2θ)θ(Λ2θ − t) (35)
ENERGY GAPS AND THE NAMBU SUM RULE
Let us come to the evaluation of the energy gaps.
L = S = 0. We take components with α = 2, i = 3. In the v - channel at S = L = 0 the energy gap is equal to
zero that leads to the condition
1/g − 1/gm =
∫ 1
−1
cos2 θd cos θ
∫ Λ2θ
4∆2θ
dt
1
4pi2v3F
t− 4∆2θ + 4v2F k2F√
t− 4∆2θ
√
t
(36)
Recall that ∆θ = ∆cosθ while the energy cutoff Λθ and the momentum cutoff K are related by expression
Λ2θ/4 = v
2
FK2 + ∆2θ (integration is over momenta with |k − kF | < K). Actually, Eq. (36) is equivalent to the
”gap” equation that relates the value of ∆ with the coupling constants g, gm and the momentum cutoff K. In the
similar way
1/g − 1/gm =
∫ 1
−1
cos2 θd cos θ
∫ Λ2θ
4∆2θ
dt
1
4pi2v3F
t− 4∆2θ + 4v2F k2F√
t− 4∆2θ
√
t
t− 4∆2θ
t− E2u,L=0,S=0
(37)
Let us subtract Eq. (36) from Eq. (37). Assuming that vF kF  vFK  ∆ we have:
0 =
2k2F
pi2vF
∫ 1
−1
cos2 θd cos θ
∫ ∞
1
dz
1√
z2 − 1
E2u,L=0,S=0/(4∆
2
θ)− 1
z2 − E2u,L=0,S=0/(4∆2θ)
(38)
Fermi points and the Nambu sum rule in the polar phase of 3He 9
The integrals in this equation may be taken and the result is expressed through the hypergeometric functions:
0 =
4k2F
pi2vF
[1
4
w4
√
pi
( 3
8w
pi3/2 − 32
15
√
pi
F
1/2,1,3
3/2,7/2(−w2)
)
−1
4
w4
√
pi
( 1
2w
pi3/2 − 8
3
√
pi
F
1/2,1,2
3/2,5/2(−w2)
)
+
1
3
w2 +
1
3
]
(39)
where
w =
−iEu,L=0,S=0
2∆
Technically we calculate the value of the integral in Eq. (38) at real values of w. Next, the obtained result is to be
continued analytically to the whole complex plane. It is done in the way utilised inside the MAPLE package.
Numerical solution of this equation gives
Eu,S=0,L=0 =
√
12/5
(
1.007853779− 0.3828669418 i
)
∆ (40)
This solution is illustrated by Fig. 1, where the absolute value of the right hand side of Eq.(39) in the units of
4k2F
pi2vF
is represented as a function of w = A+ iB. One can see, that there is the solution in the physical part of the
complex plane (at Reω < 0, Imω < 0). It corresponds to the energy gap of the given collective mode.
The absolute value of the right hand side of Eq.(39) in the units of
4k2F
pi2vF
is represented as a function of w = A + iB.
L = 0, S = 1. We take components with α = 1, 3, i = 3.
In the u - channel at L = 0, S = 1 the energy gap is equal to zero that leads to the condition, which coincides
with Eq. (36). In the similar way equation for the v channel gives
Eu,S=1,L=0 = 0, Ev,S=1,L=0 = Eu,S=0,L=0 (41)
L = 1, S = 0. We take components with α = 2, i = 1, 2. In the u channel
1
g
=
∫ 1
−1
1− cos2 θ
2
d cos θ
∫ Λ2θ
4∆2θ
dt
1
4pi2v3F
t− 4∆2θ + 4v2F k2F√
t− 4∆2θ
√
t
t− 4∆2θ
t− E2u,L=1,S=0
(42)
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At Eu,L=1,S=0 = 0 we may rewrite this equation in the form with the integration over k instead of integration over
t:
1
g
= 8pi
∫
d3k
(2pi)4
sin2 θM2(k)
2(∆2cos2θ +M2(k))3/2 (43)
One can check that after the integration over θ the right hand sides of the two expressions Eq. (25) and Eq.
(43) coincide. Therefore, in the absence of the extra interaction that stabilizes direction of mˆ in this channel the
Goldstone boson appears as it should.
In the presence of this extra interaction we have the following equation for the determination of Eu,L=1,S=0:
1
gm
=
∫ 1
−1
1− cos2 θ
2
d cos θ
∫ Λ2θ
4∆2θ
dt
1
4pi2v3F
t− 4∆2θ + 4v2F k2F√
t− 4∆2θ
√
t
(
t− 4∆2θ
)
E2u,L=1,S=0
t(t− E2u,L=1,S=0)
(44)
In the v channel we have
1
g
=
∫ 1
−1
1− cos2 θ
2
d cos θ
∫ Λ2θ
4∆2θ
dt
1
4pi2v3F
t− 4∆2θ + 4v2F k2F√
t− 4∆2θ
√
t
t
t− E2v,L=1,S=0
(45)
Subtracting the gap equation we may represent this expression as follows
1
gm
=
∫ 1
−1
1− cos2 θ
2
d cos θ
∫ Λ2θ
4∆2θ
dt
1
4pi2v3F
t− 4∆2θ + 4v2F k2F√
t− 4∆2θ
√
t
(
E2v,L=1,S=0(t− 4∆2θ) + 4∆2θt
)
t(t− E2v,L=1,S=0)
(46)
The value of 1/gm should be sufficiently large in order to make vacuum stable. The critical value g
(c)
m is determined
by equation:
1
g
(c)
m
=
∫ 1
−1
1− cos2 θ
2
d cos θ
∫ Λ2θ
4∆2θ
dt
1
4pi2v3F
t− 4∆2θ + 4v2F k2F√
t− 4∆2θ
√
t
4∆2θ
t
=
2k2F
3pi2vF
(47)
At this critical value of gm the energy gap Ev,L=1,S=0 is close to zero. We get
−1/gm + 1/g(c)m =
2k2F
pi2vF
∫ 1
−1
1− x2
2
dx∫ ∞
1
dz
1√
z2 − 1
w2 + x2
x2z2 + w2
, w = − iEu,L=1,S=0
2∆
(48)
and
−1/gm + 1/g(c)m =
2k2F
pi2vF
∫ 1
−1
1− x2
2
dx∫ ∞
1
dz
1√
z2 − 1
w2
x2z2 + w2
, w = − iEv,L=1,S=0
2∆
(49)
The integration gives correspondingly
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0 = 1/gm − 1/g(c)m
+
4k2F
pi2vF
[ 1
16
w4
√
pi
( 1
4w
pi3/2 − 16
15
√
pi
F
1/2,1,2
3/2,7/2(−w2)
)
+
1
16
w4
√
pi
( 1
w
pi3/2 − 8
3
√
pi
F
1/2,1,1
3/2,5/2(−w2)
)
−1
6
w2 +
1
3
]
(50)
for the u - mode and
0 = 1/gm − 1/g(c)m
+
4k2F
pi2vF
[1
8
w4
√
pi
( 1
2w
pi3/2 − 8
3
√
pi
F
1/2,1,2
3/2,5/2(−w2)
)
+
1
8
w4
√
pi
( 1
w
pi3/2 − 4√
pi
F
1/2,1,1
3/2,3/2(−w2)
)
−1
2
w2
]
(51)
for the v - mode.
It appears, that for 1/g
(c)
m > 0 > 1/gm the first equation has the solution for real value of w and imaginary value
of Eu,L=1,S=0. For 0 = 1/gm the solution with Eu,L=1,S=0 = 0 appears, while for 0 < 1/gm there are no solutions
of this equation in the physical region of ω. (For Imω = 0 the physical region is Reω ≥ 0.)
The second equation for 1/gm < 1/g
(c)
m has the solution with real w and pure imaginary Ev,L=1,S=0, as it was
pointed out above. For 1/g
(c)
m = 1/gm the solution with Ev,L=1,S=0 = 0 appears, while for 1/g
(c)
m < 1/gm there is
the solution with real negative w. It does not represent any solution of the original equation given by the integral
and therefore belongs to the unphysical region of w.
This situation is illustrated by Fig. 2, where the absolute value of the right hand side of Eq.(51) in the units
of
4k2F
pi2vF
is represented as a function of w = A + iB for 1/gm − 1/g(c)m = −0.2 4k
2
F
pi2vF
. One can see, that there is the
solution at Imω = 0, Reω > 0). It corresponds to the pure imaginary energy gap, and indicates the instability of
vacuum. When the value of 1/gm − 1/g(c)m is increased, the solution approaches zero. At 1/gm − 1/g(c)m > 0 the
solution of Eq. (51) exists at real negative values of ω that are not physical because they do not correspond to any
solutions of Eq. (49).
L = 1, S = 1. We take components with α = 1, 3; i = 1, 2. It appears, that here the equations for the
determinations of the gaps are the same as for L = 1, S − 0 with the modes u and v exchanged. We come to
Eu,S=1,L=1 = Ev,S=0,L=1, Ev,S=1,L=1 = Eu,S=0,L=1 (52)
One can see, that in the channels with L = 0, where the gaps of the order of ∆ appear, these gaps satisfy the
Nambu sum rule
E2u + E
2
v = 4〈∆2θ〉 =
12
5
∆2
We come to the conclusion, that vacuum becomes stable for gm < g
(c)
m , but the Higgs modes in the channels
with L = 1 do not exist.
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The absolute value of the right hand side of Eq.(51) in the units of
4k2F
pi2vF
is represented as a function of w = A+ iB
for 1/g − 1/gm = −0.2 4k
2
F
pi2vF
.
